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Àííîòàöèÿ. Â ñòàòüå ïîëó÷åíû ôîðìóëû îáîáùåííûõ ðàçìåðíîñòåé ∗-ïðåäñòàâëåíèé îäíîé
èç àëãåáð, êîòîðàÿ ìîæåò áûòü îïèñàíà â òåðìèíàõ ãðàôîâ è ïîëîæèòåëüíûõ ìåòîê âåðøèí.
Äëÿ ñëó÷àÿ, êîãäà ãðàô ÿâëÿåòñÿ îäíîé èç ðàñøèðåííûõ äèàãðàìì Äûíêèíà, à èìåííî äèà-
ãðàììîé Äûíêèíà Ẽ6 ïîëó÷åíû ôîðìóëû îáîáùåííûõ ðàçìåðíîñòåé àëãåáðû äëÿ ïàðàìåòðà èç
äèñêðåòíîãî ñïåêòðà.

1. Ââåäåíèå
Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ îïèñàíèå ôîðìóë îáîáùåííûõ ðàçìåðíîñòåé

*-ïðåäñòàâëåíèé àëãåáðû, ñâÿçàííîé ñ ðàñøèðåííîé äèàãðàììîé Äûíêèíà Ẽ6 ïðè
âñåõ ïàðàìåòðàõ γ èç äèñêðåòíîãî ñïåêòðà.

1.1.

Ðàññìîòðèì àëãåáðû:

ρR1,...,Rn,γ = C〈a1, . . . , an|Rk(ak) = 0, k = 1, . . . , n,
n∑

k=1

ak = γe〉,

ãäå Rk, k = 1, . . . , n � ïîëèíîìû ñ êîìïëåêñíûìè êîýôôèöèåíòàìè è γ ∈ C. Áóäåì
ïîëàãàòü, ÷òî êîðíè ïîëèíîìîâ Rk, k = 1, . . . , n ïðîñòûå, âåùåñòâåííûå è γ ∈ R+,
òîãäà ýòè àëãåáðû èçîìîðôíû àëãåáðàì

ρM1,...,Mn,γ = C〈p(1)
1 , . . . , p(1)

m1
, . . . , p

(n)
1 , . . . , p(n)

mn
|p(i)2

k = p
(i)
k ,

n∑
i=1

mi∑

k=1

αi
kp

i
k = γe,

mi∑

k=1

p
(i)
k = e, p

(i)
j p

(i)
k = 0, j, k = 1, . . . ,mi, j 6= k, i = 1, . . . , n〉,
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ãäå Mi = {α(i)
1 , . . . α

(i)
mi}.

Àëãåáðû ρM1,...,Mn,γ ìîãóò áûòü ðàññìîòðåíû êàê *-àëãåáðû ñ èíâîëþöèåé

(p
(j1)
i1

, p
(j2)
i2

, . . . , p
(jk)
ik

) = (p
(jk)
ik

, . . . , p
(j2)
i2

, p
(ji)
i1

).

Áóäåì ïðåäïîëàãàòü, ÷òî Mi = {0 = α
(i)
1 < . . . < α

(i)
mi}. *-Ïðåäñòàâëåíèåì π àëãåáðû

ρM1,...,Mn,γ íàçûâàåòñÿ íàáîð èç n íåîòðèöàòåëüíûõ îïåðàòîðîâ Ai =
∑mi

k=1 α
(i)
k P

(i)
k ,

i = 1, . . . , n, òàêèõ, ÷òî A1 + . . . + An = γI.
Àëãåáðó ρM1,...,Mn,γ óäîáíî àññîöèèðîâàòü ñ íåîðèåíòèðîâàííûì ãðàôîì áåç

öèêëîâ Γ, ñîäåðæàùèì n âåòîê, èñõîäÿùèõ èç êîðíÿ è èìåþùèõ äëèíó mi,
i = 1, . . . , n, òàêèõ, ÷òî i-ÿ âåòêà ñîäåðæèò mi âåðøèí, âêëþ÷àÿ êîðåíü. Çàäà-
íèå àëãåáðû ρM1,...,Mn,γ â ñîâîêóïíîñòè ñ ãðàôîì Γ, èìåþùèì âåðøèíû pi

k íà i-é
âåòêå, ïîðîæäàþò íàáîð ÷èñåë {αi

k}m
i=1, k = 1, . . . ,mi − 1, ÷òî ýêâèâàëåíòíî îïðå-

äåëåíèþ ïîëîæèòåëüíîé ôóíêöèè χ ãðàôà Γ, îïðåäåëåííîé êàê χ(p
(i)
k ) = α

(i)
k äëÿ

i = 1, . . . , n è k = 1, . . . , mi− 1 è ïàðàìåòðà γ. Àëãåáðó ρM1,...,Mn,γ ìîæíî ïåðåîïðå-
äåëèòü êàê àëãåáðó, àññîöèèðîâàííóþ ñ ãðàôîì Γ ñëåäóþùèì îáðàçîì:

ρM1,...,Mn,γ = ρΓ,χ,γ = C〈p(1)
1 , . . . , p(1)

m1
, . . . , p

(n)
1 , . . . , p(n)

mn
|p(i)2

k = p
(i)
k ,

n∑
i=1

mi∑

k=1

αi
kp

i
k = γe, p

(i)
j p

(i)
k = 0, j, k = 1, . . . , mi, j 6= k, i = 1, . . . , n〉,

ãäå p
(i)
mi = e − ∑mi−1

k=1 p
(i)
k , i = 1, . . . , n. Ôóíêöèþ χ íà ãðàôå Γ áóäåì íàçûâàòü

õàðàêòåðîì àëãåáðû ρΓ,χ,γ.

1.2.

Ãðàô Γ àëãåáðû ρΓ,χ,γ ðàçìåòèì ñëåäóþùèì îáðàçîì: íà âåðøèíàõ p
(i)
k çàïèøåì

âñå çíà÷åíèÿ {αi
k}m

i=1, k = 1, . . . , mi − 1, ÷èñëî γ çàïèøåì â êîðíå. Íàïðèìåð, äëÿ
àëãåáðû

ρΓ,χ,γ = ρ{0=α
(1)
0 <α

(1)
1 <...<α

(1)
m1−1},{0=α

(2)
0 <α

(2)
1 <...<α

(2)
m2−1},{0=α

(3)
0 <α

(3)
1 <...<α

(3)
m3−1}

ãðàô Γ áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:

s
s

qqqs
ssqqqss s q q q s s

α
(3)
1

α
(3)
2

α
(3)
m3−1

α
(1)
1 α

(1)
2 α

(1)
m1−1 γ α

(2)
m2−1 α

(2)
2 α

(2)
1

Àëãåáðà ρΓ,χ,γ, êîòîðàÿ àññîöèèðîâàíà ñ äèàãðàììàìè Äûíêèíà, èìååò áîëåå
ïðîñòóþ ñòðóêòóðó, ÷åì àëãåáðû, àññîöèèðîâàííûå ñ äðóãèìè ãðàôàìè. Àëãåáðà
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ρΓ,χ,γ ÿâëÿåòñÿ êîíå÷íîìåðíîé òîãäà è òîëüêî òîãäà, êîãäà ãðàô Γ ÿâëÿåòñÿ îäíîé
èç äèàãðàìì Äûíêèíà An, Dn, E6, E7 èëè E8 [4]. Àëãåáðà ρΓ,χ,γ ÿâëÿåòñÿ áåñêîíå÷-
íîìåðíîé è ïîëèíîìèàëüíîãî ðîñòà òîãäà è òîëüêî òîãäà, êîãäà ãðàô Γ ÿâëÿåòñÿ
îäíîé èç ðàñøèðåííûõ äèàãðàìì Äûíêèíà D̃4, Ẽ6, Ẽ7 èëè Ẽ8. Åñëè ãðàô Γ íå
ÿâëÿåòñÿ äèàãðàììîé èëè ðàñøèðåííîé äèàãðàììîé Äûíêèíà, òî àëãåáðà ρΓ,χ,γ

ñîäåðæèò ñâîáîäíóþ àëãåáðó ñ äâóìÿ îáðàçóþùèìè [4].

1.3.

Â íàñòîÿùåé ñòàòüå ïîëó÷åíû ôîðìóëû îáîáùåííîé ðàçìåðíîñòè *-
ïðåäñòàâëåíèé, ñâÿçàííûõ ñ ðàñøèðåííîé äèàãðàììîé Äûíêèíà Ẽ6 ñî ñïåöèàëü-
íûì õàðàêòåðîì χ6 = (1, 2; 1, 2; 1, 2).

s

s

s s sss

1 2 γ 2 12 1

1

2

Ẽ6

2. Ôóíêòîðû Êîêñòåðà
Ñóùåñòâåííûì èíñòðóìåíòîì îïèñàíèÿ àëãåáð, ñâÿçàííûõ ñ ãðàôàìè, çàäàí-

íûõ âûøå, ÿâëÿþòñÿ ôóíêòîðû Êîêñòåðà. Òåõíèêà ôóíêòîðîâ ïîçâîëÿåò ïîëó÷èòü
ôîðìóëû îáîáùåííûõ ðàçìåðíîñòåé àëãåáðû ρẼ6,χ6,γ.

Ðàññìîòðèì êîíñòðóêöèþ ôóíêòîðîâ [1, 2, 3].

2.1.

Ðàññìîòðèì íåîòðèöàòåëüíûé îïåðàòîð A = 0 · P0 + α1 · P1 + . . . + αn · Pn ñ
êîíå÷íûì ñïåêòðîì σ(A) ∈ {0 = α0 < α1 < . . . < αm}. Çàäàäèì îòîáðàæåíèå A 7→
Ã = αmI −A. Òîãäà Ã � íåîòðèöàòåëüíûé îïåðàòîð ñî ñïåêòðîì σ(Ã) ∈ {0 = α̃0 <
α̃1 < . . . < α̃m}, ãäå α̃0 = αm−αm = 0, α̃1 = αm−αm−1, . . . , α̃m−1 = αm−α1, α̃m = αm.
Ïóñòü Ai =

∑mi

k=0 α
(i)
k p

(i)
k , 0 = α

(i)
0 < . . . < α

(i)
mi , i = 1, . . . , d,

∑d
i=1 Ai = γI. Äëÿ

ðàñøèðåííîé äèàãðàììû Äûíêèíà Ẽ6 d = 2. Äëÿ îïåðàòîðà Ã èìååì:
d∑

i=1

Ãi = (
d∑

i=1

α(i)
mi
− γ)I.

Òàêèì îáðàçîì, ìû ïîëó÷èëè îòîáðàæåíèå èç ìíîæåñòâà ïðåäñòàâëåíèé àëãå-
áðû ρΓ,χ,γ â ìíîæåñòâî ïðåäñòàâëåíèé ρΓ,χ̃,γ̃, ãäå χ îïðåäåëåíà ìíîæåñòâîì α

(i)
k , χ̃

îïðåäåëåíà ìíîæåñòâîì α̃
(i)
k , γ̃ =

∑d
i=1 α

(i)
mi − γ. Ýòî îòîáðàæåíèå îáîçíà÷èì ÷åðåç

S. Ïðèìåíèâ S äâàæäû, ïîëó÷èì èñõîäíîå ïðåäñòàâëåíèå.
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2.2.

Ïóñòü P1, . . . , Pn � ïðîåêòîðû â Ãèëüáåðòîâîì ïðîñòðàíñòâå H, òàêèå, ÷òî∑
αkPk = γI äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ ÷èñåë α1, . . . , αn, γ. Ïîñòðîèì äðóãîå

Ãèëüáåðòîâî ïðîñòðàíñòâî Ĥ è ñåìåéñòâî îðòîïðîåêòîðîâ P̂1, . . . , P̂n, P̂ â Ãèëüáåð-
òîâîì ïðîñòðàíñòâå Ĥ òàêèõ, ÷òî

∑n
k=1 P̂k = I è P̂kP̂ P̂k = αk

γ
P̂k.

Ïóñòü
∑

αkPk = γI . Ïîëîæèì Hk = ImPk è ïóñòü Ok : Hk → Ĥ � èçîìåò-
ðè÷åñêîå âëîæåíèå, òîãäà OkO

∗
k = Pk è O∗

kOk = IHk
; îïðåäåëèì Ĥ =

⊕n
k=1 Hk.

Ðàññìîòðèì îïåðàòîð

O = 1
γ




√
α1O

∗
1...√

αnO∗
n


 : H → Ĥ

òîãäà
O∗ : Ĥ → H,O∗ =

1√
γ

(
√

α1O1 . . .
√

αnOn)

è O∗O = γ−1
∑

αkOkO
∗
k = γ−1

∑
αkPk = I, ò.å. O : H → Ĥ � èçîìåòðè÷åñêîå

âëîæåíèå.
Ïîëîæèì P = OO∗, òîãäà ImP̂ = H, è ïóñòü P̂j � îðòîïðîåêòîðû â îðòîãî-

íàëüíûõ ïîäïðîñòðàíñòâàõ Hj ∈ Ĥ, òîãäà èìååì
∑

Pj = I è P̂jP̂ P̂j =
αj

γ
P̂j.

2.3.

Ïîñòðîåíèå äèëàòàöèè, îïèñàííîå âûøå, îáðàòèìî. À èìåííî, ïóñòü
P̂1, . . . , P̂n, P̂ � ïðîåêòîðû â íåêîòîðîì Ãèëüáåðòîâîì ïðîñòðàíñòâå P̂ òàêèå, ÷òî∑n

k=1 P̂k = I, è äëÿ íåêîòîðûõ αk > 0, γ > 0 èìååì P̂kP̂ P̂k = αk

γ
P̂k äëÿ âñåõ

k = 1, . . . , n.
Îïðåäåëèì H = ImP̂ è ïóñòü O : H → Ĥ � âëîæåíèå. Òîãäà O∗O = IH , OO∗ =

P̂ . Îïðåäåëèì Pk = γ
αk

O∗P̂kO, k = 1, . . . , n. Òîãäà ìû èìååì

P 2
k =

γ2

α2
k

O∗P̂kOO∗P̂kO =
γ2

α2
k

O∗P̂kP̂ P̂kO =
γ

αk

O∗P̂kO = Pk,

n∑

k=1

αkPk = γO∗
n∑

k=1

P̂kO = γI.

Ïðèìåíèâ îïèñàííóþ âûøå ïðîöåäóðó, ïîëó÷èì ñåìåéñòâî ïðîåêòîðîâ
P1, . . . , Pn, óíèòàðíî ýêâèâàëåíòíûõ èñõîäíûì îïåðàòîðàì.

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 21 (2006)



ÔÎÐÌÓËÛ ÎÁÎÁÙÅÍÍÛÕ ÐÀÇÌÅÐÍÎÑÒÅÉ 71

2.4.

Ïóñòü ïðîåêòîðû P̂1, . . . , P̂n, P̂ â Ĥ òàêèå, ÷òî
∑n

k=1 P̂k = I è P̂kP̂ P̂k = αk

γ
P̂k.

Âçÿâ âìåñòî P̂ ïðîåêòîð P̂ ′ = I − P̂ , ïîëó÷èì P̂kP̂
′P̂k = γ−αk

γ
P̂k äëÿ âñåõ k =

1, . . . , n.
Òàêèì îáðàçîì, âçÿâ ñåìåéñòâî ïðîåêòîðîâ P1, . . . , Pn, äëÿ êîòîðûõ∑n

k=1 αkPk = γI, çàòåì ïîñòðîèâ äèëàòàöèþ, ïîëó÷èì P̂1, . . . , P̂n, P̂ . Âçÿâ P̂ ′ = I−P̂
è ïðèìåíèâ îáðàòíóþ ïðîöåäóðó, ïîëó÷èì ñåìåéñòâî ïðîåêòîðîâ P ′

1, . . . , P
′
n â íåêî-

òîðîì Ãèëüáåðòîâîì ïðîñòðàíñòâå H ′, äëÿ êîòîðûõ
n∑

k=1

(γ − αk)P
′
k = γI.

2.5.

Ñóììèðóÿ ïðåäñòàâëåííûå âûøå êîíñòðóêöèè, ïîëó÷àåì äðóãîå îòîáðàæåíèå
èç ìíîæåñòâà ïðåäñòàâëåíèé ρΓ,χ,γ â ìíîæåñòâî ïðåäñòàâëåíèé ρΓ,χ′,γ, ãäå χ îïðå-
äåëåíà ïîñðåäñòâîì ìíîæåñòâà α

(i)
k , è χ′ � ïîñðåäñòâîì α

(i)′
k ,ãäå α

(i)′
0 = 0, α

(i)′
1 =

γ − α
(i)
mi , . . . , α

(i)′
mi = γ − α

(i)
1 . Ýòî îòîáðàæåíèå íàçîâåì T .

3. Ôîðìóëû îáîáùåííûõ ðàçìåðíîñòåé *-ïðåäñòàâëåíèé
àëãåáðû ρẼ6,χ6,γ

Â íàñòîÿùåì ïóíêòå, èñïîëüçóÿ òåõíèêó ôóíêòîðîâ Êîêñòåðà, ïîëó÷èì ôîðìó-
ëû îáîáùåííûõ ðàçìåðíîñòåé *-àëãåáðû, àññîöèèðîâàííîé ñ äèàãðàììîé Äûíêèíà
Ẽ6.

3.1.

Çàìåòèì, ÷òî ôóíêòîðû S è T íå ñîõðàíÿþò õàðàêòåð ãðàôîâ. Ïîä äåéñòâèåì
(TS)2 õàðàêòåð χ = (α1, α2; β1, β2; δ1, δ2) äèàãðàììû Ẽ6 ïðåîáðàçóåòñÿ ñëåäóþùèì
îáðàçîì:

S : (χ, γ) → (χ′, α2 + β2 + δ2 − γ),
χ′ = (α2 − α1, α2; β2 − β1, β2; δ2 − δ1, δ2),
T : (χ, γ) → (γ − α2, γ − α1; γ − β2, γ − β1; γ − δ2, γ − δ1, γ),
(TS)2 : (χ, γ) → (χ′′, α1 + β1 + δ1 + α2 + β2 + δ2 − 2γ),
χ′′ = (α2 + β1 + δ1 − γ, β1 + δ1 + α2 + β2 + δ2 − 2γ; α1 + β2 + δ1 − γ, α1 +
δ1 + α2 + β2 + δ2 − 2γ; α1 + β1 + δ2 − γ, α1 + β1 + α2 + β2 + δ2 − 2γ).

Ïðåäëîæåíèå 1 ([5]). Õàðàêòåð χ íà ðàñøèðåííîé äèàãðàììå Äûíêèíà Ẽ6 èí-
âàðèàíòåí îòíîñèòåëüíî äåéñòâèÿ (TS)2 äëÿ âñåõ γ òîãäà è òîëüêî òîãäà, êîãäà
χ = χ6 = (1, 2; 1, 2; 1, 2).

ISSN 0203�3755 Äèíàìè÷åñêèå ñèñòåìû, âûï. 21 (2006)



72 Þ.Ï. ÌÎÑÊÀËÅÂÀ, È.Ã. ÔÎÌÈÍÀ

Òîãäà äëÿ Ẽ6 ñî ñïåöèàëüíûì õàðàêòåðîì χ6 = (1, 2; 1, 2; 1, 2) èìååì
S(χ6, γ) → (χ6, 6− γ),

(TS)2 : (χ6, γ) → (χ6, 2 +
1

4− γ
).

Ïðèâåäåì óòâåðæäåíèÿ ðàáîòû [5], íåîáõîäèìûå äëÿ äîêàçàòåëüñòâà òåî-
ðåì, îïèñûâàþùèõ ôîðìóëû îáîáùåííûõ ðàçìåðíîñòåé *-ïðåäñòàâëåíèé àëãåáðû
ρẼ6,χ6,γ.
Ëåììà 1 ([5]). Ïóñòü P1, . . . , Pn ïðîåêòîðû òàêèå, ÷òî

∑n
k=1 αkPk = γI äëÿ

íåêîòîðûõ ïîëîæèòåëüíûõ α1, . . . , αn è íåêîòîðîãî γ. Òîãäà Pj = 0 äëÿ âñåõ j,
äëÿ êîòîðûõ αj > γ.
Òåîðåìà 1 ([5]). Ìíîæåñòâî WẼ6,χ6

òåõ γ, äëÿ êîòîðûõ ñóùåñòâóåò ïðåäñòàâ-
ëåíèå àëãåáðû ρẼ6

, χ6, γ èìååò ñëåäóþùèé âèä:

WẼ6,χ6
= {3± 1

k + s
|k = 0, 1 . . . ; s ∈ {1/3, 1/2, 2/3, 1}} ∪ {3}.

Çàìåòèì, ÷òî {3± 1
k+s
|k = 0, 1 . . . ; s ∈ {1/3, 1/2, 2/3, 1}} íàçûâàåòñÿ äèñêðåòíûì

ñïåêòðîì çàäà÷è îïèñàíèÿ ìíîæåñòâà çíà÷åíèé γ, ïðè êîòîðûõ ñóùåñòâóåò õîòÿ
áû îäíî *-ïðåäñòàâëåíèå àëãåáðû, àññîöèèðîâàííîé ñ ãðàôîì.

Ìíîæåñòâî âñåõ γ, ïîëó÷åííûõ èç ìíîæåñòâà WẼ6,χ6
ïðè k = 0 âûãëÿäèò ñëå-

äóþùèì îáðàçîì: {0, 1, 3/2, 2, 3, 4, 9/2, 5, 6}. Ôóíêòîð S óñòàíàâëèâàåò ñèììåòðèþ
ìíîæåñòâà WẼ6,χ6

îòíîñèòåëüíî òî÷êè 3. Ñëåäîâàòåëüíî, èìååò ñìûñë ïîëó÷èòü
ôîðìóëû îáîáùåííûõ ðàçìåðíîñòåé äëÿ èíòåðâàëà [0, 3] è, äåéñòâèåì ôóíêòîðà
S, â ñèììåòðè÷íûõ òî÷êàõ.

3.2.
Âûïèøåì àëãåáðó ρΓ,χ,γ äëÿ ñëó÷àÿ ðàñøèðåííîé äèàãðàììû Äûíêèíà Ẽ6:

ρẼ6,χ6,γ = C〈p(1)
1 , p

(1)
2 ; p

(2)
1 , p

(2)
2 ; p

(3)
1 , p

(3)
2 |p(i)

k

2
= p

(i)
k ,

3∑
i=1

2∑

k=1

α
(i)
k pi

k = γe, p
(i)
j p

(i)
k = 0, j, k ∈ {1, 2}, j 6= k, i ∈ {1, 2, 3}〉.

Îáîçíà÷èì ðàçìåðíîñòè ïðîåêòîðîâ P
(i)
k ñëåäóþùèì îáðàçîì: dimP

(1)
i =

ai, dimP
(2)
i = bi, dimP

(3)
i = ci, i = 0, 1, 2 (P (i)

0 = I − P
(i)
1 − P

(i)
2 ); ðàçìåðíîñòü âñå-

ãî ïðîñòðàíñòâà îáîçíà÷èì ÷åðåç n. Îáîáùåííîé ðàçìåðíîñòüþ áóäåì íàçûâàòü
âåêòîð âèäà (a0, a1, a2; b0, b1, b2; c0, c1, c2; n).

Èç îïèñàíèÿ äåéñòâèé ôóíêòîðîâ (ñì. ï.2) ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùèõ
ôîðìóë ïðåîáðàçîâàíèÿ âåêòîðà îáîáùåííîé ðàçìåðíîñòè

S(a0, a1, a2; b0, b1, b2; c0, c1, c2; n) = (a2, a1, a0; b2, b1, b0; c2, c1, c0; n),

T (a0, a1, a2; b0, b1, b2; c0, c1, c2; n) = (b1 + b2 + c1 + c2 − n, a2, a1; a1 + a2 + c1 + c2 − n, b2, b1;
a1 + a2 + b1 + b2 − n, c2, c1; a1 + a2 + b1 + b2 + c1 + c2 − n).
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Ëåììà 2. Îáîáùåííûå ðàçìåðíîñòè *-ïðåäñòàâëåíèé π(p
(i)
k ) àëãåáðû ρẼ6,χ6,γ, ñ

òî÷íîñòüþ äî ïåðåñòàíîâêè ïðîåêòîðîâ, ñîîòâåòñòâóþùèõ ðàçëè÷íûì âåòêàì
Ẽ6, ïðè γ ∈ {0, 1, 3/2, 2} èìåþò ñëåäóþùèé âèä:

1) a0 = b0 = c0 = 1, ai = bi = ci = 0, i ∈ {1, 2}, n = 1 ïðè γ = 0;

2) a0 = b0 = 1, ai = bi = 0, i ∈ {1, 2}, c0 = 0, c1 = 1, c2 = 0, n = 1 ïðè γ = 1;

3) {a}: a0 = b0 = 1, ai = bi = 0, i ∈ {1, 2}, c0 = c1 = 0, c2 = 1, n = 1 ïðè γ = 2;
{b}: a0 = 1, ai = 0, i ∈ {1, 2}; b1 = c1 = 1, bi = ci = 0, i ∈ {0, 2}, n = 1 ïðè
γ = 2;

4) ai = bi = ci = 1, i ∈ {0, 1}, a2 = b2 = c2 = 0, n = 2 ïðè γ = 3/2.

Ïóíêòû 1-3 óòâåðæäåíèÿ Ëåììû 2 ñëåäóþò íåïîñðåäñòâåííî èç Ëåììû 1.
Ñîîòâåòñòâóþùèå ïðåäñòàâëåíèÿ âûïèñûâàþòñÿ êàê êîìáèíàöèè åäèíè÷íûõ è

íóëåâûõ îïåðàòîðîâ. Ïóíêò 4 ñëåäóåò èç âûïèñàííîãî â ÿâíîì âèäå ïðåäñòàâëåíèÿ
äëÿ γ = 3/2 â ðàáîòå [5]. À èìåííî: A1 = 1 · P1 + 2 · 0, A2 = 1 · P2 + 2 · 0, A3 =
1 · P3 + 2 · 0, A1 + A2 + A3 = 3

2
I, ãäå

P1 =

(
1 0
0 0

)
, P2 =

1

4

(
1

√
3√

3 3

)
, P3 =

1

4

(
1 −√3

−√3 3

)
.

Îòìåòèì, ÷òî çíàìåíàòåëü γ âñåãäà ñîâïàäàåò ñ ðàçìåðíîñòüþ n âñåãî ïðî-
ñòðàíñòâà êðîìå ñëó÷àÿ γ = 3/2 ïðè n = 2.

Äëÿ ïîëó÷åíèÿ ôîðìóë îáîáùåííûõ ðàçìåðíîñòåé *-ïðåäñòàâëåíèé àëãåáðû
ρẼ6,χ6,γ ãäå γ èç äèñêðåòíîãî ñïåêòðà ìíîæåñòâà WẼ6,χ6

ïðåäñòàâèì äèñêðåòíûé
ñïåêòð WẼ6,χ6

â âèäå:

WẼ6,χ6
\ {3} = W 0− ∪W 0+ ∪W 1− ∪W 1+ ∪W 2− ∪W 2+ ∪W 3/2− ∪W 3/2+

.

ãäå

W 0± = {3± 1

k + 1/3
| k = 0, 1, . . .}, W 1± = {3± 1

k + 1/2
| k = 0, 1, . . .},

W 2± = {3± 1

k + 1
| k = 0, 1, . . .}, W 3/2± = {3± 1

k + 2/3
| k = 0, 1, . . .}.

Âåêòîð îáîáùåííîé ðàçìåðíîñòè ïðåäñòàâëåíèÿ äëÿ γ èç ìíîæåñòâà W i+ ëåãêî
ïîëó÷àåòñÿ èç âåêòîðà îáîáùåííîé ðàçìåðíîñòè ïðåäñòàâëåíèÿ äëÿ γ èç ìíîæå-
ñòâà W i−, i ∈ {0, 1, 2, 3/2} ñ ó÷åòîì äåéñòâèÿ ôóíêòîðà S.

Òåîðåìà 2. Ôîðìóëû îáîáùåííîé ðàçìåðíîñòè äëÿ γ ∈ W 0− èìåþò ñëåäóþùèé
âèä:

a0 = b0 = c0 = k + 1, ai = bi = ci = k, i ∈ {1, 2}, n = 3k + 1, k = 0, 1, . . .
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Äîêàçàòåëüñòâî. Ôîðìóëû ïîëó÷åíû äëÿ ñëó÷àÿ 1) Ëåììû 2 äåéñòâèåì ôóíêòî-
ðà (TS)2k, k = 0, 1 . . ..

Äîêàæåì òåîðåìó ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.
1. Ïðè k = 0 ïîëó÷àåì âåêòîð îáîáùåííîé ðàçìåðíîñòè Ëåììû 2, ñëåäîâàòåëü-

íî òåîðåìà âåðíà.
2. Ïóñòü òåîðåìà âåðíà ïðè k = t.
3. Ïðîâåðèì äëÿ k = t + 1. Ïîäåéñòâóåì ôóíêòîðîì (TS)2. Èìååì
a0 = t+1, a1 = t, a2 = t, b0 = t+1, b1 = t, b2 = t, c0 = t+1, c1 = t, c2 = t, n = 3t+1.
Äåéñòâóåì ôóíêòîðîì S, ïîëó÷àåì ðàçìåðíîñòè: a0 = t, a1 = t, a2 = t + 1, b0 =

t, b1 = t, b2 = t + 1, c0 = t, c1 = t, c2 = t + 1, n = 3t + 1.
Äåéñòâóåì ôóíêòîðîì T , ïîëó÷àåì ðàçìåðíîñòè: a0 = t + 1, a1 = t + 1, a2 =

t, b0 = t + 1, b1 = t + 1, b2 = t, c0 = t + 1, c1 = t + 1, c2 = t, n = 3t + 2.
Äåéñòâóåì ôóíêòîðîì S, ïîëó÷àåì ðàçìåðíîñòè: a0 = t, a1 = t+1, a2 = t+1, b0 =

t, b1 = t + 1, b2 = t + 1, c0 = t, c1 = t + 1, c2 = t + 1, n = 3t + 2.
Äåéñòâóåì ôóíêòîðîì T , ïîëó÷àåì ðàçìåðíîñòè: a0 = t + 2, a1 = t + 1, a2 =

t + 1, b0 = t + 2, b1 = t + 1, b2 = t + 1, c0 = t + 1, c1 = t + 2, c2 = t + 1, n = 3t + 4.
Ñëåäîâàòåëüíî, a0 = (t + 1) + 1, a1 = (t + 1), a2 = (t + 1), b0 = (t + 1) + 1, b1 =

(t + 1), b2 = (t + 1), c0 = (t + 1), c1 = (t + 1) + 1, c2 = (t + 1), n = 3(t + 1) + 1.

Òåîðåìà 3. Ôîðìóëû îáîáùåííîé ðàçìåðíîñòè äëÿ γ ∈ W 1− èìåþò ñëåäóþùèé
âèä:

1. k = 3s ⇒ a0 = b0 = 2/3k + 1, ai = bi = 2/3k, i ∈ {1, 2}, c0 = 2/3k, c1 =
2/3k + 1, c2 = 2/3k, s = 0, 1 . . .;

2. k = 3s + 1 ⇒ ai = bi = 1/3k + 1/3, i ∈ {0, 1, 2}, c0 = 2/3k + 4/3, c1 =
2/3k + 1/3, c2 = 2/3k − 2/3, s = 0, 1 . . .;

3. k = 3s + 2 ⇒ ai = bi = 2/3k + 2/3, i ∈ {0, 1}, a2 = b2 = 2/3k − 1/3, c0 =
2/3k + 2/3, c1 = 2/3k − 1/3, c2 = 2/3k + 2/3, s = 0, 1 . . .;
n = 2k + 1 äëÿ âñåõ k = 0, 1 . . ..

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ïðèìåíèì ìåòîä ìàòåìàòè÷åñêîé èíäóê-
öèè.

1. Ïðè s = 0 ïîëó÷àåì èñõîäíûå ïðåäñòàâëåíèÿ.
2. Ïóñòü òåîðåìà âåðíà ïðè s = t.
3. Ïðîâåðèì äëÿ s = t + 1. Ïîäåéñòâóåì ôóíêòîðîì (TS)2 íà ïðîåêòîðû ðàç-

ìåðíîñòè k = 3s. Ïîëó÷èì:
(TS)2: ai = bi = 2/3t + 1, c0 = 2/3t + 2, c1 = 2/3t + 1, c2 = 2/3t, n = 2t + 3.
Î÷åâèäíî, ÷òî âûäåëèâ t + 1, ìû ïîëó÷àåì ïðîåêòîðû ðàçìåðíîñòè k = 3s + 1

íà øàãå t + 1.
Ïîäåéñòâóåì ôóíêòîðîì (TS)2 íà ïðîåêòîðû ðàçìåðíîñòè k = 3s+1. Ïîëó÷èì:
(TS)2: ai = bi = 2/3t + 4/3, i ∈ {0, 1}, a2 = b2 = 2/3t + 1/3, c0 = 2/3t + 4/3, c1 =

2/3t + 1/3, c2 = 2/3t + 4/3, n = 2t + 3.
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Âûäåëèâ t + 1,ïîëó÷àåì ïðîåêòîðû ðàçìåðíîñòè k = 3s + 2 íà øàãå t + 1.
Ïîäåéñòâóåì ôóíêòîðîì (TS)2 íà ïðîåêòîðû ðàçìåðíîñòè k = 3s+2. Ïîëó÷èì:
(TS)2: a0 = b0 = 2/3t + 5/3, ai = bi = 2/3t + 2/3, i ∈ {1, 2}, c0 = c2 = 2/3t +

2/3, c1 = 2/3t + 5/3, n = 2t + 3.
Âûäåëèâ t + 1, ïîëó÷àåì ïðîåêòîðû ðàçìåðíîñòè k = 3s íà øàãå t + 1.
Òàêèì îáðàçîì, äëÿ âñåõ k ìîæíî ïîëó÷èòü ðàçìåðíîñòè ïðîåêòîðîâ äåéñòâèåì

(TS)2.

Äîêàçàòåëüñòâà òåîðåì äëÿ ôîðìóë îáîáùåííûõ ðàçìåðíîñòåé *-
ïðåäñòàâëåíèé àëãåáðû ρẼ6,χ6,γ ïðè γ ∈ W 2, γ ∈ W 3/2 àíàëîãè÷íû, ïîýòîìó
òåîðåìû 4-5 ïðèâîäÿòñÿ â ñòàòüå áåç äîêàçàòåëüñòâà.

Òåîðåìà 4. Ôîðìóëû îáîáùåííîé ðàçìåðíîñòè äëÿ γ ∈ W 2− èìåþò ñëåäóþùèé
âèä:

Äëÿ ñëó÷àÿ {a}:

1. k = 3s ⇒ a0 = b0 = 1/3k + 1, ai = bi = 1/3k, i ∈ {1, 2}, c0 = c1 = 1/3k, c2 =
1/3k + 1, s = 0, 1 . . .;

2. k = 3s + 1 ⇒ a1 = b1 = 1/3k − 1/3, ai = bi = 1/3k + 2/3, i ∈ {0, 2}c0 = c1 =
1/3k + 2/3, c2 = 1/3k − 1/3, s = 0, 1 . . .;

3. k = 3s + 2 ⇒ ai = bi = 1/3k + 1/3, i ∈ {0, 1, 2}, c0 = 1/3k + 4/3, c1 =
1/3k − 2/3, c2 = 1/3k + 1/3, s = 0, 1 . . .;

Äëÿ ñëó÷àÿ {b}:

1. k = 3s ⇒ a0 = 1/3k + 1, ai = 1/3k, i ∈ {1, 2}, bi = ci = 1/3k, i ∈ {0, 2}, b1 =
c1 = 1/3k + 1, s = 0, 1 . . .;

2. k = 3s+1 ⇒ a0 = 1/3k−1/3, ai = 1/3k+2/3, i ∈ {1, 2}, bi = ci = 1/3k+2/3, i ∈
{0, 1}, b2 = c2 = 1/3k − 1/3, s = 0, 1 . . .;

3. k = 3s + 2 ⇒ a0 = 1/3k + 1/3, a1 = 1/3k + 4/3, a2 = 1/3k − 2/3, bi = ci =
1/3k + 1/3, i ∈ {0, 1, 2}, s = 0, 1 . . .;
n = 2k + 1 äëÿ âñåõ k = 0, 1 . . ..

Òåîðåìà 5. Ôîðìóëû îáîáùåííîé ðàçìåðíîñòè äëÿ γ ∈ W 3/2− èìåþò ñëåäóþùèé
âèä:

1. k = 3s ⇒ ai = bi = 2/3k + 1, i ∈ {0, 1}, a2 = b2 = 2/3k, bi = ci = 2/3k + 1, i ∈
{0, 2}, c1 = 2/3k, s = 0, 1 . . .;

2. k = 3s + 1 ⇒ a0 = b0 = 2/3k + 4/3, ai = bi = 2/3k + 1/3, i ∈ {1, 2}, c0 = c2 =
2/3k + 1/3, c1 = 2/3k + 4/3, s = 0, 1 . . .;
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3. k = 3s + 2 ⇒ ai = bi = 2/3k + 2/3, i ∈ {0, 1, 2}, c0 = 2/3k + 5/3, c1 =
2/3k + 2/3, c2 = 2/3k − 1/3, s = 0, 1 . . .;
n = 2k + 1 äëÿ âñåõ k = 1, 2 . . ..

Çàìå÷àíèå 1. Â òåîðåìå 5 äëÿ ñëó÷àÿ k = 3s c2 = 0 ïðè k = 0, îñòàëüíûå êîîð-
äèíàòû âåêòîðà îáîáùåííîé ðàçìåðíîñòè âûðàæàþòñÿ ñ ïîìîùüþ ïðèâåäåííûõ â
òåîðåìå ôîðìóëàõ äëÿ k = 0.

Òàêèì îáðàçîì â òåîðåìàõ 2-5 ïîëó÷åí ïîëíûé ñïèñîê îáîáùåííûõ ðàçìåðíî-
ñòåé *-ïðåäñòàâëåíèé àëãåáðû, àññîöèèðîâàííîé ñ ðàñøèðåííîé äèàãðàììîé Äûí-
êèíà Ẽ6 äëÿ γ èç äèñêðåòíîãî ñïåêòðà.
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